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We present a simple treatment of the phenomenon of spontaneous parametric downconversion
consisting of the coherent scattering of a single pump photon into an entangled photon pair inside a
nonlinear crystal. The energy and momentum entanglement of the quantum state of the generated
twin photons are seen as a consequence of the fundamental indistinguishability of the time and the
position in which the photon pair is created inside the crystal. We also discuss some consequences
of the photon entanglement.
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I. INTRODUCTION
The generation of twin photons inside a nonlinear crys-
tal by the phenomenon of spontaneous parametric down-
conversion (SPDC) has been extremely useful for study-
ing fundamental aspects of quantum mechanics and to
physically implement quantum information protocols in
recent decades. This usefulness is due to the photon
pair being entangled in many degrees of freedom, in-
cluding energy,1 momentum,2 angular momentum,3 and
polarization.4 For a pair of particles in an entangled state
Bell’s theorem states that we cannot associate an objec-
tive reality to each particle, and this has profound con-
sequences for the way we view nature.5,6 Entanglement
is also useful in quantum information science, permitting
the execution of quantum algorithms that are more effi-
cient and secure than classical algorithms.7
In this paper we derive an expression for the quan-
tum state of the twin photons generated in the process of
SPDC using a simplified version of the example presented
in our recent work,8 in which the interaction between
light and matter is treated using the Bialinicki-Birula–
Sipe photon wave function formalism.9,10 (For didactical
discussions of the photon wave function formalism, see
Refs. 11 and 12.) The reader interested in a more for-
mal treatment should consult Ref. 8. The main idea is
that when a single photon is converted into two photons
inside a nonlinear crystal, there is a fundamental uncer-
tainty in the location and the time when the photon pair
is generated. This fact requires that we coherently sum
all possible probability amplitudes for this event. The in-
terference of amplitudes for generation at different times
leads to energy entanglement while the interference of
amplitudes for generation at different positions leads to
momentum entanglement.
The remainder of this paper is organized as follows.
In Sec. II we discuss the physical arguments of our ap-
proach and arrive at a general expression for calculating
the twin-photon wave function. In Sec. III we compute
the twin-photon wave function using reasonable approxi-
mations, and in Sec. IV we discuss some consequences of
the system entanglement. Finally, in Sec. V we present
some concluding remarks.
II. PARAMETRIC DOWNCONVERSION AS A
SCATTERING PHENOMENON
If an electromagnetic wave interacts with a small trans-
parent object that responds linearly to the electric field,
such that the induced electric dipole moment of the ob-
ject is proportional to the incident electric field, the resul-
tant scattered electromagnetic field is a superposition of
the incident field with the field generated by the oscillat-
ing dipole moment of the object. The scattered field will
in general have a diffraction pattern from which we can
deduce some properties of the scatterer. If the incident
electromagnetic field is composed by only one photon and
we use a quantum language, we can say that there is a
probability amplitude for the incident photon to be in-
stantaneously absorbed and re-emitted by the object that
must be coherently summed with the probability ampli-
tude for the photon to pass without any interaction with
the object in order to compute the wave function of the
scattered photon. The state of the transparent object
before and after the interaction with the photon is the
same, such that no correlation between the state of the
object and the state of the photon appears.
This instantaneous absorption and re-emission of a
photon can be interpreted as the absorption of the in-
cident photon inducing the object to have an oscillating
dipole moment and this oscillating dipole moment creat-
ing the scattered photon. For instance, the propagation
of an electromagnetic wave through a transparent linear
medium can be seen as a superposition of the incident
wave being transmitted directly through the medium
with the waves generated by the oscillating charges in
the medium.13,14 Each component of the resultant wave
propagates at the speed of light in vacuum, but the co-
herent superposition of these components causes the re-
sultant wave to propagate with a reduced velocity.
2In the phenomenon of parametric downconversion,
light interacts with a nonlinear medium whose nonlinear
polarization is proportional to the square of the incident
electric field (or to the product of different components
of the electric field). A nonlinear scatterer like this can
absorb two photons and emit one. We can interpret the
phenomenon as the induced nonlinear dipole oscillations
creating one photon, but these oscillations occurring at
the expense of the absorption of two photons from the
incident field. This situation corresponds to the phe-
nomenon of second-harmonic generation. By symmetry
it must also be possible that the nonlinear scatterer does
the opposite—emits two photons while absorbing one.
Such a process corresponds to parametric downconver-
sion.
If we have a medium with a small nonlinear scatterer
placed at a fixed position r′, the interaction between an
incident electromagnetic field and this nonlinear scatter-
ing element leads to a probability amplitude for one in-
cident pump photon to be converted into two photons
during its passage through the medium. This situation
is illustrated in Fig. 1, where photon 1 is observed at
position r1 and photon 2 at position r2, both at time t.
Of course, there is also a probability amplitude that no
downconversion occurs, which is what happens in most
cases, but from now on we will assume we are dealing
with the case when a photon pair is created.
We assume that the incident photon has a wave func-
tion ψp(r
′, t′) in the nonlinear scatterer element and that
the downconversion occurs at time t′, such that the prob-
ability amplitude of generating the twin photons at time
t′ is proportional to ψp(r
′, t′). If we assume that both
photons are created at a precise position r′ and time t′,
then according to the uncertainty relations there must
be a large uncertainty in their momenta ~ki and ener-
gies ~ωi = ~kic/ni. Here, ki is the wavevector, ωi the
angular frequency, and ni the refractive index for photon
i (= {1, 2}) in the propagation medium, ki = |ki|, ~ is
Planck’s constant divided by 2pi, and c is the speed of
light in vacuum. Thus, to compute the total probabil-
ity amplitude for finding photons 1 and 2 at positions r1
and r2 at time t, we must coherently add the probability
amplitudes for the propagation of photon 1 from (r′, t′)
to (r1, t) with all possible wavevectors k1 and angular
frequencies ω1 = k1c/n1, and similarly for photon 2.
Now, when propagating from (r′, t′) to (ri, t), a photon
in a plane-wave mode with wavevector ki and angular
frequency ωi accumulates a phase φ = ki · (ri − r
′) −
ωi(t − t
′) in the probability amplitude. So we can write
the total probability amplitude of finding the generated
photons in the positions r1 and r2 at time t as
29
Ac(r1, r2, t; r
′, t′) ∝ ψp(r
′, t′)
∫
d3k1
∫
d3k2
× eik1·(r1−r
′)−iω1(t−t
′)eik2·(r2−r
′)−iω2(t−t
′). (1)
Here and elsewhere in this paper, unless explicitly stated
the integration is carried out over the entire domain of
the integration variables.
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FIG. 1: Illustration of the nonlinear scattering of one photon
into two by a scatterer at position r′ at time t′. Photon 1 is
observed at position r1 and photon 2 at position r2, both at
time t.
In the above probability amplitude, we are coherently
superimposing possibilities where the energy and momen-
tum of photons 1 and 2 have a sum that is different from
the energy and momentum of the incident photon, thus
being possibilities that do not conserve energy or momen-
tum. This treatment is closely related to the Feynman
path-integral formalism, and the conservation of energy
and momentum in the process appears somewhat sur-
prisingly as a consequence of the coherent sum of all
possibilities. The point is that possibilities that do not
conserve say, energy, will interfere destructively among
themselves, as will become clearer in the remainder of
the paper.
Let us now consider that instead of a single nonlinear
scatterer we have a continuous set of nonlinear scatterers
forming a nonlinear crystal, as depicted in Fig. 2. For
simplicity, we will assume that the linear response of the
medium outside the crystal is the same as inside, but the
nonlinear response is absent. In this situation, there is a
fundamental quantum indistinguishability of the position
and the time in which the photon pair is created in the
process of parametric downconversion. This condition
forces us to coherently sum the probability amplitudes of
generating the photons in any part of the crystal and at
any time to find the total probability amplitude of find-
ing photons 1 and 2 at the positions r1 and r2 at time t.
Figure 2 illustrates the probability amplitudes for gener-
ating the photon pair at the spacetime points (ra, ta) and
(rb, tb). The twin-photon wave function ψ
(2)(r1, r2, t) is
proportional to this total probability amplitude, and we
can write
ψ(2)(r1, r2, t) ∝
∫
V
d3r′
∫ t
−∞
dt′Ac(r1, r2, t; r
′, t′), (2)
where the spatial integral is taken over the crystal volume
V , and Ac(r1, r2, t; r
′, t′) is given by Eq. (1).
Equations (1) and (2) are the essential equations of
our treatment so we discuss their physical meaning once
again. The twin-photon wave function is obtained from
the coherent scattering of a single pump photon into a
photon pair inside the nonlinear crystal. Because there
is a fundamental indistinguishability of the position and
time in which the photon pair is created, the probability
amplitudes for generation at different times and positions
must be coherently added, leading to the volume and
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FIG. 2: Illustration of the nonlinear scattering of one pho-
ton into two by a nonlinear crystal. Due to the fundamental
indistinguishability of the position and time of the downcon-
version process, all possibilities must be coherently added. In
the figure the probability amplitudes of the conversion into
the spacetime points (ra, ta) and (rb, tb) are represented.
time integrals in Eq. (2). The probability amplitude for
a precise creation time and position is given by Eq. (1),
which takes into account the fact that these photons must
have large uncertainties in their energies and momenta.
Thus, all possibilities for different energies and momenta
are coherently added, taking into account the correspond-
ing phases accumulated during the propagation from the
creation (spacetime) point to the observation points.
In the following section we will calculate the twin-
photon wavefunction by evaluating the integrals in
Eq. (2) using reasonable approximations.
III. CALCULATING THE WAVE FUNCTION
OF THE TWIN PHOTONS
To calculate the wave function of the twin photons us-
ing Eq. (2), we first make some assumptions. If the inci-
dent pump photon is almost monochromatic, we can ap-
proximately write its position-space wave function from
the momentum-space wave function as in the traditional
quantum mechanics of massive particles.30 The result is
ψp(r
′, t′) ∝
∫
d3kp φp(kp)e
ikp·r
′
−iωpt
′
, (3)
where we write the decomposition in terms of the
wavevectors kp and angular frequencies ωp = kpc/np (in-
stead of the momenta ~kp and energies ~ωp) to simplify
the notation. Decomposing kp ≡ qp +
√
k2p − q
2
p zˆ, with
qp being the component of kp in the xy-plane, we note
that qp and ωp completely determine kp. Thus, we can
write the momentum-space wave function in terms of qp
and ωp, changing the integrals in Eq. (3) from d
3kp to
integrals in dqp and dωp, giving
ψp(r
′, t′) ∝
∫
dqp
∫
dωpφp(qp, ωp)e
ikp·r
′
−iωpt
′
. (4)
This decomposition in terms of qp and ωp is use-
ful when the incident pump photon is in a beam mode
that propagates nearly parallel to the z-direction, in the
paraxial regime. We will assume that we are operat-
ing in the paraxial regime so that φp(qp, ωp) has non-
negligible values only for qp ≪ kp. Writing r
′ ≡ ρ′ + z′zˆ,
where ρ′ is the component of r′ in the xy plane, we have
kp · r
′ = qp · ρ
′ +
√
k2p − q
2
p z
′. We will use a similar
notation for the wavevectors of photons 1 and 2. We
will also consider that the nonlinear crystal has x- and
y-dimensions much larger than the width of the beam
mode so that the x′ and y′ integrals can be extended up
to infinity in Eq. (2), and a small dimension in the z di-
rection. Under these approximations, the wave function
of the twin photons from Eq. (2) can be written as
ψ(2)(r1, r2, t) ∝
∫
dqp
∫
dωp
∫
dq1
∫
dω1
∫
dq2
∫
dω2
×φp(qp, ωp)
∫
dρ′ei(qp−q1−q2)·ρ
′
∫ t
−∞
dt′e−i(ωp−ω1−ω2)t
′
×eik1·r1−iω1teik2·r2−iω2t, (5)
where the integral in z′ gives a constant if we also have
k1 ≫ q1 and k2 ≫ q2. In the appendix we discuss the
relation between the omitted integral in z′ and the phase
matching condition for the efficient generation of photon
pairs. The integral in ρ′ results in a term proportional
to the 2-dimensional delta function δ(2)(qp − q1 − q2).
If the time light takes to propagate from the crystal to
the observation points r1 and r2 is greater than the du-
ration of the incident photon pulse, the t′ integral can be
extended to t′ = ∞, resulting in a term proportional to
δ(ωp−ω1−ω2). So the wave function of the twin photons
can be written as
ψ(2)(r1, r2, t) ∝
∫
dq1
∫
dω1
∫
dq2
∫
dω2
× φp(q1 + q2, ω1 + ω2)e
ik1·r1−iω1teik2·r2−iω2t.(6)
We can see that the same decomposition for a one-
photon wave function used in Eq. (4) is used in Eq.
(6) for a two-photon wave function, such that the twin-
photon wave function in the (q, ω) representation is
φ(2)(q1, ω1,q2, ω2) ∝ φp(q1 + q2, ω1 + ω2). (7)
We can see in the above wave function that the sum
of the energies of the twin photons (~ω1 + ~ω2) must
be equal to the energy of the incident photon (~ωp),
so energy is conserved in the process. Also, the sum
of the xy-momentum of the twin photons (~q1 + ~q2)
must be equal to a xy-momentum of the incident photon
(~qp), so the transverse momentum is also conserved in
the process.31 According to the appendix we also have
~k1z + ~k2z ≈ ~kpz , where kiz corresponds to the z com-
ponent of the wavevector of photon i, so that the total
momentum is conserved in the process. But note that we
did not impose conservation of energy or momentum in
any part of the calculation. Energy conservation is a con-
sequence of the coherent superposition of the probability
amplitudes of the pair creation at any instant of time, by
4way of the delta function δ(ωp − ω1 − ω2) being a con-
sequence of the t′ integral in Eq. (5). In the same way,
conservation of momentum is a consequence of the co-
herent superposition of the probability amplitudes of the
pair creation at any position inside the crystal, by way
of the 2-dimensional delta function δ(2)(qp − q1 − q2)
being a consequence of the ρ′ integral in Eq. (5). These
conservation laws can be obtained simply from the in-
terference of the probability amplitudes associated with
indistinguishable situations.
IV. ENERGY AND MOMENTUM
ENTANGLEMENT OF THE SYSTEM
The twin-photon wave function of Eq. (7) cannot be
written as a product of a wave function for photon 1 and
a wave function for photon 2. This condition character-
izes the entanglement of the system. Thus, even if the
incident photon has narrow energy (~ωp) and momentum
(~kp) distributions, we see that the sum of the energies
of the generated photons is equal to the energy of the
incident photon, even though the energy of each photon
can assume a large range of values. Similarly, the sum
of the momenta of the generated photons is equal to the
momentum of the incident photon, even though the mo-
mentum of each photon can also assume a large range
of values. This situation characterizes a state where the
twin photons are highly entangled in both energy and
momentum.
An entangled state of the form of Eq. (7) was used
by Einstein, Podolsky, and Rosen (EPR) in their famous
paper on the completeness of quantum mechanics.17 Let
us consider the wave function for the x-component of the
photon momenta when the incident photon is a plane
wave propagating in the z-direction. In this case, we can
write φ(2)(p1, p2) ∝ δ(p1+p2), with pi = ~qix. Of course,
in a realistic situation the delta function must be seen
as an approximation for a very narrow distribution. On
the other hand, if we consider the position-space wave
function at the exit face of the crystal (assumed to be
extremely thin), we have ψ(2)(x1, x2) ∝ δ(x1 − x2), be-
cause the twin photons are born at the same position.
Again, the delta function must be seen as an approxima-
tion.
Consider now that the generated photons reach two ob-
servers Alice and Bob who are placed in arbitrarily sepa-
rated regions of space. If Bob measures the x-momentum
component of his photon and obtains the value P , we
can state with certainty that if Alice measures the x-
momentum component of her photon she will obtain the
value −P . So EPR says there is an element of physical
reality associated with the momentum of Alice’s photon.
On the other hand, if Bob measures the x-position of
his photon using lenses to project an image of the crys-
tal in the observation plane and obtains the value X ,
we can state with certainty that if Alice measures the
x-position of her photon in a similar way she will also
obtain the value X , and EPR says that there is an el-
ement of physical reality associated with the position of
Alice’s photon. However, if Bob is arbitrarily far away
from Alice, his measurement cannot affect her photon in
any way, so EPR argues that Alice’s photon should have
elements of physical reality associated with both posi-
tion and momentum. However, in quantum mechanics
two observables represented by noncommuting operators
cannot have definite and (in principle) predictable values
simultaneously. Therefore, EPR argues that quantum
mechanics is not a complete theory because “hidden vari-
ables” not considered by the theory would be essential to
guarantee the simultaneous reality for the position and
momentum of Alice’s photon in the gedanken experiment
discussed above.
Bohr’s reply18 to the EPR argument was that the
measurements of position or momentum made by Bob
are mutually incompatible experiments. Bob’s choice of
which experiment he will perform on his photon deter-
mines different types of predictions he can make for ex-
periments made by Alice. And there is no experiment
that Alice can perform on her photon which would re-
veal the experiment performed by Bob. Bohr argued that
quantum mechanics is indeed a complete theory because
it can predict the probability of the experimental results
of any combination of compatible experiments, which is
the actual objective of the theory (such that there are no
paradoxes).
This discussion continued on philosophical grounds un-
til the seminal work of John Bell.19 Bell showed that
there are quantum entangled states with correlations be-
tween two parties that are stronger than what is al-
lowed by “hidden variables” theories. The fact that
experiments have confirmed the quantum mechanical
predictions20 (although there are still some loopholes)
has changed the way we view the world. We cannot
have a consistent local and realistic description of na-
ture because in an entangled state like Eq. (7), we can-
not attribute reality to each of two separated photons.
We must consider either that Bob’s measurement instan-
taneously changes the state of Alice’s photon, violating
locality (but not permitting any instantaneous transmis-
sion of information between Bob and Alice), or that the
experimental results of the measurements performed by
Alice do not depend only on the properties of her photon
(independently of Bob’s photon) and on her measuring
apparatus (independently of Bob’s apparatus), violating
any reasonable definition of reality for her photon proper-
ties. Accessible discussions of these fundamental aspects
of quantum mechanics can be found in chapter 6 of Ref. 5
and in Ref. 6.
A physical implementation of the EPR state was per-
formed by Howell and co-workers using the twin photons
produced by parametric downconversion as described
above.2 The high degree of entanglement in Eq. (7) ren-
ders the twin photons generated by parametric downcon-
version an extremely valuable resource for testing such
fundamental aspects of quantum mechanics. Moreover,
5entangled states have correlations among parties of the
system that are stronger than what is allowed by clas-
sical physics, and some quantum information protocols
take advantage of these quantum correlations to be more
secure or efficient than their classical counterparts.7 The
twin photons generated by parametric downconversion
have also been extensively used in the implementation of
these quantum information protocols.7
V. CONCLUSIONS
We derived an expression for the quantum state of
the twin photons generated in the process of paramet-
ric downconversion by a scattering procedure that coher-
ently sums the probability amplitudes for the photon pair
to be generated at any position inside the crystal and at
any time. The quantum state we find is equivalent to the
one obtained using the traditional perturbative approach
to calculate the Hamiltonian evolution of an electromag-
netic field interacting with a nonlinear medium.21–23 Our
treatment, however, is more intuitive, and provides useful
physical insight to the problem. The twin-photon state is
highly entangled in both energy and momentum, making
this system very useful for experimental tests of funda-
mental aspects of quantum mechanics and for the imple-
mentation of quantum information protocols. Many of
the exciting properties of the system entanglement can be
verified in undergraduate laboratories.24–28 A more for-
mal treatment of the work presented here can be found
in Ref. 8.
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Appendix: Phase matching in parametric
downconversion
In this appendix we discuss the necessary phase match-
ing for the efficient generation of photon pairs in para-
metric downconversion.
The phase matching condition can be obtained from
the integral in z′ omitted from Eq. (5). Approximating√
k2i − q
2
i ≈ ki − q
2
i /(2ki), we have
I ∝
∫ L/2
−L/2
dz′ ei(kp−k1−k2)z
′
e−i(q
2
p
/kp−q
2
1
/k1−q
2
2
/k2)z
′/2,
(A.1)
where the width of the crystal in the z direction is L.
The efficiency of photon-pair generation is proportional
to I, so we must have kp = k1 + k2 to obtain collinear
generation, in which the generated photons propagate
close to the z-axis; otherwise the oscillations of the first
exponential above with z′ will decrease the value of
I. The wavenumber of each photon can be written as
ki(ωi) = ωini(ωi)/c, where ni(ωi) is the refractive in-
dex for photon i with angular frequency ωi. Let us
assume that each of the photons is post-selected in a
relatively narrow range of frequencies such that the re-
fractive index for each photon can be considered a con-
stant ni; this can be accomplished with the use of in-
terference filters in the photon detectors that are used
to detect the twin photons. Because Eq. (7) states that
the sum of the frequencies of the generated photons is
equal to the frequency of the incident photon, the phase
matching condition for collinear generation can be writ-
ten as np = (n1 + n2)/2. However, the inherent disper-
sion of the material makes the refractive index increase
with frequency, so that in an isotropic medium we have
np > (n1+n2)/2, thus making it impossible to efficiently
generate photon pairs. This problem is solved with the
use of a nonlinear and birefringent material such that the
refractive index also depends on the polarization of the
photons, giving np = (n1+n2)/2 for photons with differ-
ent polarization states. Type-I parametric downconver-
sion corresponds to the case in which both generated pho-
tons have polarization orthogonal to the polarization of
the incident photon, and type-II parametric downconver-
sion has one of the generated photons with polarization
orthogonal to, and the other one parallel to, the incident
photon.
In cases where kp − k1 − k2 = −α < 0, we can
have an efficient generation of photon pairs that prop-
agate in directions making angles with the z-axis such
that q21/k1 + q
2
2/k2 = 2α and the second exponential in
Eq. (A.1) cancels the first (q2p/kp is assumed to be negli-
gible). For this reason the generated photons are usually
emitted around cones. In any case we have k1z + k2z ≈
kpz, where kiz corresponds to the z-component of the
wavevector of photon i.
Another important approximation that we make in our
treatment is to consider that the integrals in dq1 and
dq2 in Eq. (5) can be computed without considering
the dependence of I on q1 and q2 in Eq. (A.1). This
is a good approximation for crystals with small width L,
because the accumulated phase in the second exponential
in Eq. (A.1) becomes negligible once the phase matching
condition is established.
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